In this paper we generalize the single-period Markowitz Mean-Variance portfolio selection problem. The Markowitz's model requires that after choosing the number of each security which constructs the portfolio in the beginning of the investment period, these numbers remain constant during and at the end of the investment period. We drop this assumption and consider an investment model in which the number of each security can vary randomly during the investment period. Indeed we consider a single-period investment with the property that the initial weight of each security is not equal to the final weight of that security. We redefine the notion of the rate of return of each security and show that the return of the investment in a cash account is not certain. We investigate some alternatives among risky securities which acts similar to cash accounts. For this we introduce the notion of free security and relate free securities to a riskless security.
Introduction
After that Markowitz [1] originated the Modern Portfolio Theory (MPT) by introducing his single-period MeanVariance (M-V) portfolio selection problem in 1952, many authors have worked on this field. Markowitz considered a portfolio of risky asset. In 1958 Tobin [2] introduced the notion of riskless asset when he entered cash account in his portfolio and stated the one-fund theorem. This theorem says that when both borrowing and lending at the riskless rate are allowed, there is a single risky fund such that every efficient portfolio (portfolios whose expected returns are largest among all portfolios with the same variance) can be constructed as a combination of the fund and the riskless asset. In the Mean-Standard Deviation space, the efficient portfolios can be represented by a straight line which is called the optimal Capital Allocation Line (CAL) (see Tütüncü [3] ). In 1972, Merton [4] described the mathematics of the efficient portfolios in full analytic approach. The geometric viewpoint of the Mean-Variance analysis was developed by Merton [4] and Roll [5] . There are a huge contributions about asset allocation problem. Recently Steinbach [6] in a survey paper has a complete review on the different models in this case.
In the classic one-period M-V portfolio selection problem, the weight assigned to each security contained in portfolio has been considered to be constant. In other words, if someone at the beginning of the investment period (t = 0) enters in the capital market with initial is nondeterministic and is considered to be a random variable, although, at the beginning and at the end of the investment period,  i 's remain fixed.
In our model, we assume that  i 's are nonconstant and vary randomly. In fact it is possible that     reward, during the investment period (after constituting his initial portfolio), it is possible that he/she loses some amount of the ith security by a contract that force him/her to pay his obligation via the ith security. This variability is more plausible in the commodity markets. One who intends to invest his/her wealth on the commodities, some activities such as holding and transporting of commodities impose additional risks; besides other commodity risks, caused by natural or accidental events, on the investment. If we consider the occurrence of the above events as a possibility, then the value of will be a random variable.
The importance of our model can be seen in the following conditions:  There is someone who is willing or is forcing to make an investment by imposing some obligations in his/her portfolio investment;  There might be no possibility or willing to insure the commodities included in the investment;  Moreover, since this model generalizes the Markowitz model, we can use the obtained results in the classic portfolio selection problems. It is important to note that although the essence of , as a random variable, is common between all investors, but the nature of
is special for each investor and can vary from one investor to another. Thus we fit our model to a special investor who wants to construct the optimal portfolio by considering the fact that the security weights can vary randomly.
Under this new assumption, we want to develop the notion of one-period Markowitz portfolio selection problem. On the other hand, we know that in the classic MeanVariance analysis (with invariable weights), the rate of return of each security i and the rate of return of the portfolio r are defined. Then the mean and the variance of r are set the criteria for choosing the optimal portfolio. Indeed and r are defined as follow:
and
x is the the assigned weight allocated to the ith security in the portfolio. Here we denote each security by its weight and the portfolio by the vector of security weights. x 's are variable. The M-V portfolio selection problem minimizes the variance of r, subject to a desired mean return ρ. Indeed the problem leads to the following quadratic programming problem which its solution is known:
where  is the covariance matrix of the security returns and R is the vector of mean returns   1 , , n r r  '. Also 1 is the n-column vector of ones. This paper is organized as follows: In Section 2, we introduce the model and its formulation. The connection between free securities and riskless assets is investigated in Section 3. In Section 4, we describe the relation between a set of free securities with both a free security and a riskless security.
Portfolio with Variable Weights
Now we want to know how we should state the portfolio selection problem with variable weights so that we can apply the standard methods to solve it (see Theorem 2.5).
To do this, we show that, if an investment asset has any additional benefits beyond capital gains such as random growths or losses of shares, then returns should be adjusted to include any additional components of returns. As the first step, it is necessary to determine the increments of the number of shares for each security.
Definition 2.1. For a portfolio with variable weights, let for each i,
 are the number of security i x at the beginning and at the end of the period, respectively. We call i  the rate of increments of i x . Example 2.2. Assume that an event occurs according to a Poisson process with rate λ, and for any arrival, the investor obligate to pay one share of the ith security, where i is fixed. Then at the end of the investment period , with ,
By applying the above definition and (2), we have
as the initial weight allocated to the ith security. r can be written as
where
Definition 2.3. Let for each , i be the rate of the return of the security
as the total-return of i x and the total-return (or briefly the return) of the portfolio, respectively.
Note. Suppose we possess one share of the ith security. By considering its total-return , at the end of the period, its value becomes 
as the n-column vector of mean total-returns 1 , , n u u  of these n securities. The mean and covariance matrix of the totalreturns are assumed to be known. By these assumptions, the portfolio selection problem with variable weights can be stated in the following form: Problem 1. Consider the desired mean total-return ρ for the portfolio. Our aim is to solve the following Mean-Variance portfolio selection problem,
Assumptions. The imposed assumptions on the problem are as follows:
2) The mean vector U is not a multiple of 1.
The following constants are frequently used in the sequel and we define them similar to those defined in [6] as follows: 
Existence of Riskless Securities
Note that a security is riskless, if its return is guaranteed and hence it is deterministic. Although cash accounts are commonly considered as riskless securities, in our model they are not riskless. Because of the change in weights, the amount of the gain for a cash account is not deterministic. Indeed the variance of its total-return is not zero. Now we redefine the notion of riskless security on the bases of its total-return. Definition 3.1. We say a security is riskless, if the variance of its total-return is zero and denote it by its weight 0 f x . By the above definition, a cash account is riskless if and only if the rate of its increments is constant. In addition, it is not necessary for a riskless security to be of the form of a cash account.
As mentioned above, in our model, it is rare that a portfolio contains a riskless security. In the following, we try to find some risky securities which act like riskless securities to improve our model. Clearly this can also be applied for M-V portfolio selection with invariable weights. The data consist of daily closing stock prices over 2 years period from 3/12/2009 to 3/11/2011. We choose two assets ARG and WEC, which have low correlation coefficients with the other assets and present the correlation coefficients between their rate of returns and the rate of returns of the other assets in Table 1 .
Suppose we can construct a portfolio for which the rate of increments of each asset has a mean in   1, 0  , is independent of the rate of return of that asset and it is independent of the rate of increments and the rate of returns of the other assets. Let us say two random variables are uncorrelated if the absolute value of their estimated correlation coefficient is less than 0.1 (at a significant level grater than 0.05). Now we can observ from Table 1 that Also, the stock ARG is S-free, where S = {AEP, LH, MCD, MKC, PGN, SWY, SO, WAG, WEC, WLP, WPI}. The correlation coefficients denoted by * and ** are significant at a (2-tailed) level less than or equal to 0.05 and 0.01, respectively. In the other cases the significant levels are grater than 0.05.
Portfolio with Risky Securities and One Free Security
Let a portfolio consists of risky securities
and a free security f
eed the portfolio can be presented as
For convenience, throughout the paper, we sperate the free securities from other risky securities and call X and f x the "risky part" and the "free part" of the portfolio and denote the portion of each part that appears in the primal solution by "risky solution" and "free solution", respectively. Let More precisely, what is the behavior of the solution or the efficient frontier of Problem 2 when the variance of f x tends to zero. Although in our model there is no riskless cash account, by choosing assets with small variances, we show that one can get similar results in contrast with the case that we have riskless cash account. That is, the solution and the optimal variance of the problem converge to the solution and optimal variance in the case where the portfolio contains riskless security. Then with a little connivance, instead of a riskless security, we can use a risky (free) security such that its total-return has the same mean with the cash account and its variance is close to zero. In fact if we consider 
and the optimal variance
To verify the assertion at , substitute the values in (7) in Equations (9)- (11) (13) and (14) 
, where X is the risky part of the portfolio. Since x is not risky then all covariances associated with l x vanishes. Then the mean and the variance of the total-return of the portfolio become ' U X and , respectively. To eliminate arbitrage opportunity, we impose the additional constraint . With this conditions the problem can be stated as follows:
We apply the Karush-Kuhn-Tucker conditions to solve the above problem. To do this, let η be the multiplier of the nonnegativity constraint . x Theorem 3.7. Problem 3 has the following unique primal-dual solution:
   , and , ,   X are the same as in the primal-dual solution of Problem 1.
Note that the optimal variance in conditions 1) b) and 2) is 2 * 2 *1
Proof. The Lagrangian associated with Problem 3 is
We can consider the system of necessary conditions for the problem as follow: 
